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Abstract

Commonly used methods of production function and markup estimation assume that a
firm’s output quantity can be observed as data, but typical datasets contain only revenue,
not output quantity. We examine the nonparametric identification of production function
and markup from revenue data when a firm faces a general nonparametric demand func-
tion under imperfect competition. Under standard assumptions, we provide the construc-
tive nonparametric identification of various firm-level objects: gross production function,
total factor productivity, price markups over marginal costs, output prices, output quanti-

ties, a demand system, and a representative consumer’s utility function.

1 Introduction

The estimation of production function and markup is a core tool used in empirical anal-
yses of market outcomesl] The residual of an estimated production function, total fac-
tor productivity (TFP), is widely used to measure firm-level technological efficiency (see

Bartelsman and ngJ d;O_O_d) and |vaersorJ (2011) for recent surveys) and its contribution

to aggregate efficiency (e.g., A h&%d). Researchers often estimate the elas-
ticity of production functions to analyze technological changes (e.g., Illan_B_i_es_eth_eg_kI, |ZDD_I£;
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Doraszelski and !]aumandrgd, 2§)1é) and price markups over marginal costs (e.g., , ;
|]le_LQ_e_leLan.dJMa1:Z¥ns_ki|, |2Q]j). The estimation of firm-level markup via production func-

tion has been widely applied in various topics and complements markup estimation via demand

function (e.g., Berry, Levinsohn, and Pakggl, Ilﬂﬁ) in economic analysis of firm’s market power.

Commonly used methods of production function and markup estimation assume that a

firm’s output quantity can be observed as data. However, typical firm-level datasets contain
only revenue, not output quantity. Therefore, in practice, many applications use revenue de-
flated by an industry-level price deflator as outputl] For production function estimation, this
practice may be justified under perfect competition where an output price is exogenous and
identical across firms. However, ever since Marschak and Andrgwg dl%ﬁﬂ)’s pioneering study,
several researchers have voiced cautions and suggested that the practice may not be justi-

fied under imperfect competition; they show that using revenue as output can significantly

bias the identification of production functions (e.g., Klette and girilichgg I_QQd De ngckgﬂ,

) and TFP (e.g., Foster, Haltiwanger, and Syver sgﬂ |_O_O_§ &OJLIL
; Ille_LQ_esked |2Q1J.|) Furthermore, as shown in [B;m@ﬂashsmgﬁaplamgnd_ZQcﬂ, ZQZd,

using revenue in place of output quantity may lead to serious biases in estimation of firm’s

markups. Despite such criticism, the practice of using revenue in place of output quantity
persists in many applications given a lack of output quantity data.

In the existing literature, it is not known whether identifying production functions and
markups from firm-level revenue data is possible without imposing parametric assumptions.
This paper contributes to the literature of production function and markup estimation by es-
tablishing nonparametric identification of production function, TFE and markup from revenue
data. The proof is constructive and the required assumption is similar to the standard assump-
tion in the production function literature except that we impose additional assumptions on
firm’s demand function.

Followmg Marschak and Andrgwg d_%_AJ) Klette and girlhchgg d_de) and

) we explicitly model a demand function that an individual firm faces as a function of its

output and observable characteristics that are excluded from the production functlonE While
each of these earlier studies examines a demand function with a constant and identical demand
elasticity—something that implies identical markups across firms—we consider a general non-

parametric demand function that generates rich heterogeneity in various firm-level outcomes,

2A few studies use firm-level datasets that include output quantity (e.g., [Foster, Haltiwanger, and Syverson,
12008; IDe Loecker, Goldberg, Khandelwal, and Pavenik, 2016; [Lu and Yu, [2015; INishioka and Tanaka, 2019).
However, those quantity datasets are available only for a limited number of countries, industries, and years,
and they are not easily accessible to all researchers.

%De Loecker, Eeckhout, and Unger (2020) study an alternative approach using an exogenous variable to re-

move output price variation from revenue data.




including markups; for this reason, we can address the bias from markup heterogeneity across
firms that the literature has criticized. In other respects, our method requires the standard
assumptions and can be implemented using typical data found in empirical applications.

We develop a three-step identification approach that combines the control func-
tion approach developed by IQ_l]_ejLan.d_BakeA dlM) h..ﬂansphn_an.d_ﬂeﬂld dZQO.IiI) and
|A§l<.erl:>_em Caves, and Frazell 2015) and the first-order condition approach recently devel-

oped by |Gandhi, Navarro, and River d;O;d)H Following [Levinsohn and Pgtnﬂ d_O_Oj) and

dZQlEI), the inverse function of a material demand function serves as a con-

trol function for TFP In the first step, we identify revenue as a function of inputs and ob-
servable demand shifters by using the control function; this first step corresponds to that of

Ackerberg et al.l (2(215]). Our novel second step identifies the control function for TFP by ap-
plying the nonparametric identification of transformation models (e.g., [Hmm&i];z], h&%d) ex-

amined by |[Ekeland, Heckman, and Ngshgiﬂ d;O_O_AJ) and |Chiappori, Komunjer, and Kristgnsgﬂ

). By identifying the control function, TFP is identified (up to normalization) from the

dynamics of inputs, without output data. In the third step, we identify a production function,
markup, and a demand function, using the first-order condition for the material and the control
function identified in the second step.

Our method identifies various objects from the revenue data. In our main setting, markup
and output elasticities are identified up to scale; an output price, an output quantity, a gross
production function, and TFP are identified up to scale and location. Identification is cross-
sectional so that the identified objects can vary over time. With an additional assumption of
local constant returns to scale, we identify the levels of markup and output elasticities; we
may also identify an output price, an output quantity, a production function, and TFP up to
locathH Finally, if we are willing to assume monopolistic competition (without imposing

free entry), we further identify a demand system and a utility function of a representative

consumer—specifically, Matsuyama an hchev (201 ZI)’S homothetic demand system with a
sinﬁle aggregator (HSA)—that can be used for a counter-factual analysis and a welfare analy-
sis

The remainder of this paper is organized as follows. Section[lsummarizes previous studies

“These approaches assumed quantity data or perfect competition. |Gandhi et al! (2020) also examined an
imperfect competition with a constant elastic demand as in Klette and Griliches (1996) and [De Loecker (2011))

where markups must be constant and identical across firms.

SFlynn, Gandhi, and Traina (2019) used global constant returns to scale to identify a production function. In
subsection [3.4.2] we clarify local and global constant returns to scale.

®One frequently sees within the literature an assumption of market structure for the identification
of demand and supply side objects. For example, Berry, Levinsohn, and Pakes (1995) 1dent1fy firm-level
marginal costs by specifying ohgopohstlc competition; meanwhile, (2004) and

(2010) identify various demand and supply side objects of a hedonic model by

exploiting the properties of perfect competition.




on how using revenue as output could bias the identification of production function, TFE and
markup; readers familiar with the literature can skip this section and proceed to Section [3|
Subsection [B.T] explains our setting, and subsection 3.2 demonstrates our three-step approach
by offering a parametric example. Subsection B.3] presents our nonparametric identification
results, and subsection [3.4] discusses additional assumptions for fixing scale and location nor-
malization. Subsection examines the identification of a demand system and a representa-
tive consumer’s utility function. Both subsection and the Appendix present identification
results in alternative settings, including endogenous labor input, endogenous firm-level observ-
able demand shifters, unobservable demand shifters, and i.i.d. productivity shocks. Section [4]

provides concluding remarks.

2 Biases from Using Revenue as Output Quantity

This section summarizes possible biases in the identification of production function, TFE and
markup when revenue is used as an output quantity. We denote the logarithms of the price,
output, and revenue of firm i at time t as p;., Y;;, and r;; 1= p;; + Yi;, respectively. Suppose
that these variables are related via the inverse demand function p;, = 1;,(y;,) and the revenue
function r;; = ¢ (¥ie) = Yie + Yie(Vie)- Let yie = fe(my, ki, i) + w;, be firm ’s production
function where w;, is TFP and x;, := (m;,, k;;, l;;) is a vector of the logarithms of material, cap-
ital, and labor, respectively. To highlight the sources of biases from using revenue as output,
assume that TFP is identical across firms within time t, with w;, = w, for all i. This simplifica-
tion eliminates an additional and well-known source of bias, correlations between inputs and
TFP

From the first-order condition for profit maximization, P;, (1 + . ( yit)) = MCj,, the elas-
ticity of revenue with respect to output is equal to the inverse of markup:

doi(¥ie) _ MC;,
dy b; .

(1)

Under perfect competition where P;, = MC;,, the variation in revenue across firms coincides

with that of output. However, they are generally different when markups vary across firms.
Suppose that, using revenue as output, a researcher identifies a true relationship between

revenue and inputs, @;.(x;.) := ¢;.(f.(x;) + w,) to use ¢;,(x;.) as a proxy for f.(x;,). Prior

studies show that the use of revenue as output could cause biases in three forms. First,

Marschak and Andrews (1944) and [Klette and Griliches (1996) establish that, from (I), the




elasticity of @;.(x;,) relates to the true elasticity of f,(x;,) via markup:

0 (x;,) _ MC;, 3f.(x;)
v, P, ov;,

for v, € {m;,, k;,, ;. }. (2)

Thus, output elasticities would be underestimated by the extent of markup.

Second, [Kamama_et_al.l dZQQd) and |]le_LQ_eskell dZD_UJ) demonstrated a bias in TFP esti-

mates. Let dw, be a TFP change. Suppose that a TFP change for firm i is estimated as a

change in revenue with inputs being fixed, d&;, = d¢;(x;¢)l 4y, = - From (1), we see that this

TFP estimate relates to the true TFP change via markup:

MC;
dd}it - P &
it

dow,. (3)

Therefore, TFP would be underestimated by the extent of markup.
Finally, Bond et al.l ‘ZQZd) show that markup estimates using the method of |M

and ) are generally biased when revenue elasticity is used in

place of output elasticity. Suppose a firm is a price-taker of flexible input v. @ ) and

De Loecker and Warzynski (2§)1j) developed the following equation relating to markup and

output elasticity with respect to v as:

P _ o f(x;)/0vy,
MC;, a’

it

4)

where a!, is the ratio of expenditure on input v to revenue. If a researcher uses 9 ;. (x;.)/dm;,

instead of d f,(x;,)/dm;, in markup equation (4), then from (2), the estimated markup is 1:

- M_Citaft(xit)
a¢it(xit)/avit __h Ovie -1 (5)
aj, aj,

In such a case, the markup would be underestimatedﬂ
Klette and girilichgg dlgzd) and De ngckgﬂ (2011) developed methods by which to identify

production functions from revenue data, by assuming a constant elastic demand function with

an identical elasticityH However, with this specific demand function, markups must be constant

"Result (5) by Bond et all (2020) relies on the assumption that a researcher can correctly identify @, (x;,).
In practice, misspecification of @;,(x;,) could derive markup estimates (B that contain some information on true
markups. For instance, (2012, Section VI) show that when f is Cobb-Douglas, it is
possible to identify the effect of firm-level variables (e.g., export) on markups.

8Katayama et all (2009) also developed a method by which to identify production functions from revenue
data. Their method allows for markup heterogeneity but requires the ability to estimate firm’s marginal costs
from total costs.




and identical across firms. Studies estimating markups from quantity data report substantial

heterogeneity in markups across firms (e.g.,

201 d Lu and Y]J 201 5] Nishioka and Tanaké 201 d) To address the biases arising frorn
firm-level markup heterogeneity, we extend the approach of Klette and girlhchgg d_de) and
|]le_LQ_e_cke‘t| dZD_UJ) by incorporating a general nonparametric demand function that allows for

variable and heterogeneous markups.

3 Identification

3.1 Setting

We denote the logarithm of physical output, material, capital, and labor as y;,, m;,, k;,, and ;,,

it> Nito

respectively, with their respective supports denoted as %, .4, &, and .£. We collect the three
inputs (material, capital, and labor) into a vector as x;, := (m;,, k;;, [;;) € X := M x A x £L.

At time ¢, output y;, relates to inputs x;, = (m;,, k;;,;;)" via the production function:

ie = fe(xi) + wye, (6)

where the firm’s TFP w,, follows an exogenous first-order stationary Markov process given by

Wi =h(w;—1) + Ny, (7)

where we assume that neither h(-) nor the marginal distribution of 7;, change over timeH
The demand function for a firm’s product is strictly decreasing in its price, and its inverse

demand function is given by

it — wt(yit’zit)’ (8)

where p;, is the logarithm of output price and z;, € & is an observable firm characteristic that

affects firm’s demand (e.g., export status in |De Loecker and Warz;mski (2§21j)). Z;, can be ei-

ther a continuous or discrete vector; in the main text below, z;, is assumed to be continuous and

exogenous—that s, z;, L n,,. In subsection[3.6land the Appendix, we present the identification
results when g, is discrete and/or may correlate with 7,.
The inverse demand function (8) generalizes the constant elastic demand function exam-

ined by Marschak and Andrews (1944), Klette and Griliches (1996) and De Loeckex (2011).

Although v, is nonparametric, (8) implicitly makes two assumptions. First, 3,(-) is a com-

mon function for all firms once the observed characteristics z;, are controlled for. This implies

°h(-) can include a firm’s observable exogenous characteristics.



that unobserved demand shifters must be common for all firms—that is, 3/, can be written
as Y, (¥, 2i,A,) Where A, is a vector of unobserved variables and can include an aggregate
price/quantity index. In subsection[3.6] we discuss the case where 1),(-) includes a firm-level
unobservable demand shifter such as quality. Second, 1,(-) represents a demand curve that an
individual firm takes as given. This is satisfied in the case of monopolistic competition (without
free entry) where each firm takes A, as given.

Let 7;, and # be the logarithm of (true) revenue and its support, respectively. Revenue
r;, in the data is observed with a measurement error ¢;,, r;, = 7;, + €;,. Then, from (6), the

observed revenue relates to output and input as follows:

Tie = 0 (Vie» 2ie) + &4
= @, (film;, ki, ;) + w4, 2;) + &4 %)

where ¢, (¥, 2i0) .= Y (Vier Zi) + Yie-

We assume that [;, and k;, are predetermined at the end of the last period t — 1, while m;,
is flexibly chosen after observing w;, ﬁ Specifically, m;, =M, (w;;, ki, Li¢» 2;,) is chosen at time
t by:

M, (Wi, ki, > 200) € arg max exp( (fe(m, ki, 1;) + i, 2;,)) —exp(py" + m), (10)

where p" denotes the logarithm of the material input price at time ¢, which is common to all
firms. A firm is assumed to be a price-taker for material input.
Equation highlights two identification issues raised by Marschak and Andrewgl dl%éj).

First, m;, correlates with the unobservable w;,. Second, r;, relates to x;, = (m;, k;;, ;) via

two unknown nonlinear functions ¢,(-,2;) and f,(-), and two unobservables w,, and &, !
To address these issues via a control function and a transformation model, we first make the

following assumptions.

Assumption 1. (a) f,(-) is continuously differentiable with respect to (m,k,l) on M x A x &
and strictly increasing in m. (b) For every z € %, ¢,(+,2) is strictly increasing and invertible
with its inverse got_l(f,z), which is continuously differentiable with respect to (7,2) on Z x %. (c)
For every (k,l,z) € A x £ x %, M, (-, k, 1, 2) is strictly increasing and invertible with its inverse
Mt_l(m, k,1,2), which is continuously differentiable with respect to (m, k,l,z) on M X K x L x Z.

(d) €, is mean independent of x, and z, with E[&,|x,,z,] = 0.

19Tn subsection [3.6} we present identification when [;, also correlates with w;,.
"In subsection and the Appendix, we present identification when a firm receives an i.i.d. shock e;, to
output and then, the firm’s revenue includes a non-additive error, r;, = @, (f, () + @it + €ir, Zir)-



Assumptions [I] (a) and (b) are standard assumptions about smooth production and de-
mand functions. Assumption [I] (b) dp,(y,2)/dy > 0 is equivalent to that the elasticity of
demand with respect to price, —(81,(y,2)/dy)"", is greater than 1; this necessarily holds
under profit maximization. Therefore, Assumption [I] (b) is innocuous as long as we analyze
the outcomes of profit maximization. Assumption Il (c) is a standard assumption in the con-

trol function approach that uses material as a control function for TFP i in,

|2_O_Oj; Ackerberg et alJ, IZ_OQI).

The inverse function of the material demand function with respect to TFP

_ —1
w; =M (mye, kigs L, 2,)

is used as a control function for w;,. Since d p,(y,,2,)/3y, > 0, there exists the inverse function

¢ '(+,2,) so that the revenue function 7;, = ¢,(f,(x;;;) + w;,) can be written as:
90:1 (Fie» %ir) :ft(xit)+Mt_1(xit’Zit)- (11)

In the following, we identify got_l (), f.(-), and Mt_l(-) from the distribution of variables
in the data. Let v, := (k,,l,,2,,X,_1,2.1) € V = X X ¥ x ¥ x X x %. Data includes a
random sample of firms {r;,, v, }), from the population. For instance, the variable x;, of firm
i is considered as a realization of the random variable x,. Given a sufficiently large N, an

econometrician can recover their joint distributions.

Assumption 2. The following information at time t is known: (a) the conditional distribution
G, v, (m|v,) of m, given v,; (b) the conditional expectation E[r.|x,,z,] of r, given (x,,2,); (c)

firm’s expenditure on material exp(p;" + m;,).

Assumption [2] (a) is required for the identification of Mt_l(-). Assumptions [2] (b) and (c)
are additionally required for the identification of ¢ " (-) and f,(-). Typical production datasets
include those variables in Assumption [2l

Let {¢:'(-), f(-),M:~(-)} be the true model structure that satisfies (IT). Then, for any
(i, @, b) ER?* X Ry,

90:1 (Fe,2.) = (a3, +ag) + btgoj_l (Fe,20), filx)) =ap, + btft*(xt)s
and M '(x,,2,) = a,, + b M '(x,,2,) (12)

also satisfy (11D, and the true structure {¢:'(-), f*(:), M~'(-)} is observationally equivalent to
the structure (12). That is, the structure {got_l(-), ft(-),Mt_l(-)} is identified only up to location

and scale normalization (a;,, a,,, b,) from restriction (IT).



Therefore, identification requires location and scale normalization. We fix (a;,, ay, b,) in
(12) by fixing the values of {got_l(-), ft(-),Mt_l(-)} at some points. Specifically, choosing two
points (m},, k},l*,z}) and (m},, k7, [",z") on the support & x Z where m}, < m},, we denote

¢y 1= frlmly, k5 10), ¢ =M (mly, k5,17, 25), and ¢, := M (mi ), K5 1 20). (13)

t’t t0’ t2 "t t12 7t e

Note that dM'/dm, > O implies that c,, < c3. Then, there exists a unique one-
to-one mapping between (cy;,Cq,C5.) in (I3) and (ay,,ay,b,) in (I2) such that b, =

(c3e — o) / (MIH (e, K5, 1, 28) = ME 2 (mey, K2, 15, 27)), @y = oqp — by fF(mly, k5, 1) and @y, =

Cyr — by M (m, k¥, 1F,27). Thus, we can fix the value of (ay,,a,,, b,;) by choosing arbitrary

values (cy,, C,,C5,) € R® that satisfies c,, < c,. In particular, we impose the following normal-

ization that corresponds to (N2) in [Chi i ).

Assumption 3. (Normalization) The support X x % includes two points (m* ,k*, [*,z*) and

[ g g S 5
(m3,, k!, 17, 27) such that ¢;, = c,, =0 and c3, = 1 in (13).

As|Chiappori et alJ d;oﬁ) demonstrates, this choice of normalization makes the identifica-
tion proofs transparent.

3.2 Identification in a Parametric Example

Before presenting the nonparametric identification results, we demonstrate our identification
approach by applying it to a simple parametric example. Consider a monopolistically compet-

itive market where each firm i faces the following constant elastic inverse demand function:

Pie = o (z;,) + (p(2:) — Dy (14)

where a,(z;,) and 0 < p(z;,) < 1 are unknown parameters The markup equals 1/p(z;,.)
and depends on the exogenous scalar z;, € % := {1,0} such that z;, L 7n;,. Firm i has a
Cobb-Douglas production function and w;, follows a first-order autoregressive (AR(1)) pro-

cess:

Yie = 0p + 0,my + Ok + 6,1, + wy,
w;e =hy+hywiy + My, (15)

12The demand function (I4) can be derived from a constant elasticity of substitution (CES) utility function;
a,(z,) implicitly includes aggregate expenditure and an aggregate price index.



where {6,, 0,,, 6, 0;, hy, h; } are unknown parameters. The firm’s revenue function is expressed

as:
rie = a(z;,) + p(2:)00 + p(2;,)0,,m;, + p(2:,)0ik;, + p(2:)0l;, + p(2; )0y, + &5 (16)

The first-order condition for (10)),

exp(p" +m;,)

p(2)0, = , (17)
exp(rit - 8it)
determines the control function for w;, as
Wi = Mt_l(mit: ki Lie> 2i0) = Be(2i0) + Br(zi)my + Brkie + Byl (18)

where f,(z;) := (p]' — a,(2:) — 6 — 0 p(2:)0,,) /P (2:), Bru(z:e) := (1= p(2:)60,) [ p(2:) > O,
ﬂk = _Qk al’ld ﬂl = _91.
For notational brevity, assume that the support ' x & includes two points (m},, k},[],z’) =

(0,0,0,0) and (m},,k;,l*,27) = (1,0,0,0). Following Assumption [3] we fix the location and

t0’ "t
scale of f,(-) and Mt_l(-) by imposing the following normalization:

0= £,(0,0,0) = 6,, 0 =M (0,0,0,0) = f5,(0),

which implies 6, = 0, ,(0) =0, and f3,,(0) = 1.
Our identification approach follows three steps.

Step 1: Identification of Measurement Errors The first step removes the measurement

error g;, in the spirit of |Ackerberg et alJ (2(215]). Substituting (I8) into (16) and using 6, = 0,

we obtain two expressions of r;, as follows:

rie = (a(2i) + p(2:) B (2:)) + p(2:) (O, + Br(2:)) My,

+p(2) (O + B ki + p(2,) (0, + B Ly + &4, (20)
= (z;) + My + &4, (21
where ¢(z;,) = oa,(z.) + p(z.)B:(2;). Applying the conditional moment restriction

E[g;;Jm,,z,] = 0 for the second expression (2I)), we identify ¢ (z;,), 7;; and €;, by
¢(z.) = E[r;; —my|my, 2.1, i = ¢(2;) and &;, = ryp —my — (2;).

10



Step 2: Identification of Control Function and TFP The second step identifies the control
function Mt_l(-). Substituting (18] into the AR(1) process leads to

Mt_l(mit: kie> Lie>2i0) = ho + tht__ll(mit—la kie—1>Lie—15Zie—1) + Ny (22)
Since M "' (my,, k;;, li;, 2;,) is linear in m;, from (I8), we can rearrange (22) as:

My = Y31, 221) + Y@ ki + 712 + 6,0(Zi5 Zie—1) My

+ 61(zi)ki—1 + 6,(zi ) ie—1 + Tie (23)
where
ho—B.(z;) + hyB_1(2i0—1) L By o B
Mo s = bGP ey M T T ey
hy B (2i0-1) hy By L hB  Mit

O (2, 2i11) i= , Oxlzi) = (24)

Bulz) Bz LT ) T Bz

For a given (2;,,2;,_1), (23) is a linear model. Since E [ 9;.| v;;] = E[ n;| vic]1/Bm(2;) = 0, where
Vie 1= (ks Lie, Xie-1, 2405 Zi-1), we can identify {y(z;, 21), 7i(2i0)s 71(Zie), 6m(Zies Zie-1), 6il(2i0),
6,(z;)} in from the conditional moment restriction E [ 1j;,| v;,] = O.

From and (24), we identify the parameters of the control function (under the normal-
ization (I9)) as:

71(0)
(1)

1:(0)
re(1)’

B.(1)=7(0,0)—y(1,0) Bm(1) = Br = v+(0) and f5; = 7,(0).
Step 3: Identification of Production Function and Markup The final step identifies the
parameters of the demand and production functions. Comparing the two expressions of r;, in

(20) and (21D, we obtain the following relationships:

at(zit) + p(zit)ﬁt(zit) = ¢(zit)3 p(zit) (Qm + ﬁm(zit)) =1,
0, =—P; and 6, = —f3;. (25)

Given that (f,(z.),B.(2:), P, B;) are identified in step 2, the first line in con-
tains four equations (two equations for two values of z;, € {0,1}) and five parameters
(a,(0),a,(1),p(0),p(1),6,,). Therefore, to identify these parameters, we need a further re-
striction.

Following Gandhi et alJ d;O;d), we use as an additional restriction the first-order condition
for material (I7). The first-order condition (I7) implies that the revenue share of material

11



expenditure on the right hand side of (I7) is a function of z;,. Using ¢;,, we obtain the revenue

share of material expenditure exp(p" + m;,)/ exp(r; — ;) and identify it as a function of z;,

Then, we obtain an additional restriction on the parameters:

by taking its expectation conditional on z;,:

exp(p]" +m;,)

S

P (2;¢)0,, = s(2;.)- (26)

From and (26), we identify the parameters of the demand and production functions as

follows
. _ 1—s(1)
p(0) =1-s(0), p(1) IOk
a,(0) = ¢(0), a,(1) = ¢ (1) — p(1)B.(1),
0
0,=0, 6, = 15—(—5()0)’ 0, = —p, and 6, = —p,.

Note that the parameters are identified under the scale and location normalization of f,(-)
and Mt_l(-) in (I9). Let 6; (i =0,m,k, 1) and B;(z,) (j = t,m, k, 1) be those parameters identi-
fied above and let 9;‘ and f37(z,) be the true parameters. Then, there exist unknown normaliza-
tion parameters (a, b) € RxR, such that 6, = a+b6y, B, = a+bp;, 0; = b6}, f;(z,) = bp;(z,).
We can fix the normalization by imposing further restrictions. For instance, if constant returns
to scale 67 + 6 + 6 = 1 are imposed, then the scale parameter b can be identified as follows:

s(0)

b:b(9m+9k+91)=9m+9k+91:1_5(0)—

Br— B

We discuss in subsection [3.4] additional assumptions for fixing normalization.
The above identification argument is illustrative, but it relies on the linearity of
M ' (my,, ki, i, 2;,) in my,, which holds only under restrictive parametric assumptions. Ex-

tending the argument, the following subsection establishes nonparametric identification.
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3.3 Nonparametric Identification
3.3.1 Step 1: Identification of Measurement Error
The first step removes the measurement error ¢;,. Substituting the control function w;, =

M ' (my,, kyp, L, 2;;), the revenue function (@) can be written as:

-1
Tie = P (ft(xit) + M, (xitszit):zit) + &
= ¢ (X, 2;) + €

where ¢.(x,,2,) := t,ot(f(xt)+Mt_1 (xt,zt),zt). From Assumption [I, ¢,(-) is continuously

differentiable. From E[¢;.|x,,2,] = 0, we can identify ¢,(:), 7, and ¢;, as:
¢e(xe,2.) = E[riclx, 2], Fie = (e, 2i) and 5, = 13 — (X0, 240).- (27)

Lemma 1. Suppose that Assumptions [IH2] hold. Then, we can identify ¢.(-), 7, and €;, as in

e2.

Hereafter, ¢,(-), 7;;, and ¢;, are assumed to be known

3.3.2 Step 2: Identification of Control Function and TFP

From (7)), the control function w;, = M ' (m,, k;;, l;;, 2;,) satisfies
Mt_l(mit: Kies Lies %) = e (i1, 2021) + Mg (28)

where h, (x,_,%._1) = h(M,(m,_1,k;_1,1,_1,2,.1)). As dM;'/dm;, > 0, given the values
of (k;;,l;;,2;.), the dependent variable in is a monotonic transformation of m;,. There-
fore, the model (28) belongs to a class of transformation models, the identification of which

Chiappori et alJ 2915]) analyze.

We make the followinssumption, which corresponds to Assumptions A1-A3, A5, and A6

in|Chiappori et al (2015) [

Assumption 4. (a) The distribution G, (-) of m is absolutely continuous with a density function

g,() that is continuous on its support. (b) n, is independent of v, := (k., 1,2, X;_1,%,_1) € ¥V :=
H XL X ZExX xZwith E[n,|v,] =0. (c) v, is continuously distributed on ¥. (d) Support 2

13As will be shown, w;, is identified in step 2 independently of step 1. Therefore, one can think of an alterna-
tive approach that first identifies w;, and then regresses r;, on (x;;, 2;;, ;) to obtain E [r;,|x;, 2, w;, ] instead of
E[ri|x;, 2 ]. However, it is not possible to identify E [r;|x;, %, w;, ] because w;, = M *(x;;,%;) is a determin-
istic function of (x;;,2;.). Once (x;.,2;.) are conditioned, there is no remaining source of variation in w;,.
4Assumption[d] (c) corresponds to Assumption A4 of (Chiappori et all (2015).
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of w, is an interval [w, @] C R where w < 0and 1 < &. (e) h(-) is continuously differentiable
with respect to w on Q. (f) The set .of, = {(x,_1,2,1) € X x Z : 3G, (m,|v,)/0q,_1 #
0 for all (m, k,,1,,2,) € M x H x £ x %} is nonempty for some q,_; € {k,_1,l,_1,M,_1,2,_1}-

We can relax Assumption [4i(b) by allowing 2z, and [, to correlate with 7,, which we discuss
this in subsection[3.6l Assumption[@(d) holds without loss of generality because we can choose
any two points on the support of w, without changing the essence of our argument. Assumption
[I(f) can be interpreted as a generalized rank condition, thus implying that a given exogenous
variable q,_, has a causal impact on (m,, k,,1,,z.). Suppose g, (n) > 0 for all n € R. Then, as
will be shown below (in (30)), Assumption [4|(f) holds if and only if

ail (i‘t—lagt—l) _

oML (%, 1,%,_1)

_ ~ ~ -1 t—1>“t—1

3 =h' (M, (%1,20)) —
qi—1

04,4

£0

for some (%,_1,%,_,) and some q,_; € {k,_;,l,_1,m,_4,2,_,}. This condition is equivalent to
(1) w,_; has a causal impact on w, (h'(w,_;) # 0) and (2) q,_, has a causal impact on m,_;,
(0M,_,/3q,_; # 0). These conditions must be satisfied for at least one exogenous variable q,_,
and some point (X,_1,%,_1)-

Proposition[I]shows that the control function is identified from the distribution of (m;,, v;,).

Proposition 1. Suppose that Assumptions [IH4  hold. Then, we can identify Mt_l(mt, ke, 1., 2.) up

to scale and location and G, (-) up to the scale normalization of n,.

Proof. The proof follows the proof of Theorem 1 inkhiapp_Qti_et_alJ dZQlﬁl). In view of equation

(28), the conditional distribution of m, given v, satisfies

Gmt|vt(mt|vt) = Gmlvf (Mt—l(m“ ke,l;,2,) _Flt (X(—1,%,-1) |Vt)
=G, (Mt_l(mf’ ke liyz) — ilt (xt—1azt—1)) >

where the second equality follows from 1), L v, in Assumption[{(b). Let q, € {m,, k,,,,2,} and

qi—1 € {ke1,li—1,m_1,2,1}. The derivatives of G,, |, (m,|v,) are

3Gy, (m]v,) B oM (m,, k,,1;,2,)

gn (Mt_l(mt:kt:ltazt)_ﬁt (xt—lazt—l)): (29)

29, 94,

aGmtvt(rn- |V) afl(x_,z_) _ -
| Vel t=1>3¢—1 g, (Mtl(mt,kt,lt,zt)—ht(xt_l,zt_l)). (30)
aqt—l aqt—l

Using Assumption [d(f), we can choose q,_; € {k._y,l,_1,m.1,%.1} and (X,_1,%,1) € .
such that 8G,, ,, (m.|k.,l;,2.,%,1,%,1) /0q,—1 # O for all (m, k;,1,,2,) € M X H X L x Z.
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Dividing by (30Q), we derive

aMt_l(mp kts lts Zt) _ _aljl (jz't_p 5t—1) aGmtlvt (mt|kt: ltazt: it—laét—l) /aqt

oa— . (31)
24, 0q, aGmt|vt (melke, L 20, %21,%021) /04
Then, from (31) for g, = m, and the normalization in Assumption [3] we obtain
— —1 * E E e —1 * * 1%k %
1 _Mt (mtl’kt’lt’zt)_Mt (mtO’kt’lt’Zt
_ 1 ah(fct_l,ﬁt_l)’ (32)

SQt—l aqt_l

where

my * Tk ok o ~ -1
tl aGm[M (m|kt,lt,Zt,Xt_l,Zt_l)/amt

Sqtfl = * 1% % = - dm .
m* aGmt|vt (mlkwlwztaxt—lxzt—l)/a%—l

to
Then, we identify 8h (%,_,,%,_1) /8q,_1 = —S,,_,- Substituting this into (31, M, ' (m,, k,,1;,2,)/2q,
for q, € {m,,k,,1,,2,} are identified as follows:

aMt_l(mtﬁ kt: ltﬁzt) _ aGmtlvt (mt|kt1 lt’ZU it—l)‘%t—l)/aqt (33)
aqt de aGmtlvt (mt|kt’ lt5zt’)~ct—15£t—1) /aqt—l '
Integrating with respective to q, € {m,, k,,[,,2,} obtains
Mt_l(mta kta ltazt) :Mt_l(mta kta ltazt) _Mt_l(mfoa kt: ltazt)
+Mt_1(m;‘0, kt,lt,zt)—Mt_l(mfo,kf,lt,zt)
+MH(my, K L,z ) — M (me, K U 2,)
M (i, k7L 1,20 — M (myg, kG 1 2))
— e aMt_l(sa ktaltazt)ds + kt aMt_l(ij,S, ltazt)ds
- om, B dk,
t0 t
l —1 * * z —1 * * 7%
COM_ (m*.,,k*,s,2,) COM(m*t kK 1Es)
+ t t02 "t t ds + t t02 "t Tt dS, (34)
I al, 2 0z,

where the first equality follows from Mt_l(mjo,k’t“, [7,27) = 0 in Assumption [3l Substituting
the identified derivatives of M, '(-) in (33) into (34), we can identify M_'(m,, k,,1,,z,) for all
(mg, k,, 1, 2,).

Finally, from w;, = M, "(m;,, k., l;;,2;), we can identify h(x,_1,2,_1) = E[w;|x,_1,2 1]

and 1;, = w;; —h,(x;;_1,%;_1). Thus, we can identify the distribution of 1),, G,.(n). O
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3.3.3 Step 3: Identification of Production Function and Markup

The final step identifies production function, markup and other remaining objects. From
r= ¢ (x,2) = ¢ (filx,) +M; " (x,,2,),2) and the monotonicity of ¢,, differentiating
o (P (x,2),2,) = filx,) + M, (x,,2,) with respect to q, € {m,,k,,[,} and z, gives:

890:1(7_},4) 2¢.(x,,2,) _ af(x,) N 8Mt—1 (x,,2,)

— - b} (35)
or, 24, 24, 24,
aw:l(ft,zt) 2¢,(x,,2,) _ aMt_l (x;,2,) B a@t—l(ft,zt) 36)
or, 0z, 0z, oz,

Note that d¢;'(7,2,)/dF, = (3 ©0.(¥,,2.)/3y.)"" represents the markup from (). If the
markup 0 ¢ '(7,,2,)/ 3T, were known, then equations and ([B6)) could identify d f,(x,)/2q,
and 9, '(7,,2,)/0z, given that M '(x,,z,) is identified. However, since the markup is un-
known, identification requires further restriction. Following|§.a.n_dhi_e_t_al.| dZQZd), we use the
first-order condition with respect to the material as an additional restriction.

Assumption 5. The first-order condition with respect to material for the profit maximization
problem (10)
aft(xit) _ a@t_l(f'itazit) exp(pT + mit)

3
omy, or, exp (7;,) 37)

holds for all firms.

Rearranging the first-order condition, we obtain the Hall-De Loecker-Warzynski markup
equation:
aﬁpt_l(f‘it,zit) . 9 fi(x;)/dmy,
or.  exp(pf+my)/exp(Fy)
We establish the following proposition.

(38)

Proposition 2. Suppose that Assumptions IH5 hold. Then, we can identify ¢ *(-) and f,(-) up to

scale and location and each firm’s markup 8 ¢ (¥, 2;,)/ 7, up to scale.

Proof. From and (37), the markup 9 ¢, '(7;,2;)/ 37, is identified as

or, am, om, exp (7;,)
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From 7, = ¢,(x,,2,) and (39), the markup is also identified as a function of (x,,2,) as

890:1(¢t(xnzt)azt)
pe(xp,2,) = ar
t
_ OM (x2) (8¢t(xt,zt) _ explpt+m,) )_1 (40)
om, om, exp (¢.(x,2.))
Substituting into ([35), we identify 0 f,(x,)/dq, for q, € {m,,k,,,} as follows:
o} b, oM (x,,z
SR _ 5y 20eezd M, o) (41)
94, 94, 94,
Using f,(m},,k},[;) = 0 in Assumption [3] we identify f,(x,) by integration:
m k
‘o k,,1 ¢ 0 f(my,s,1
ft(mt, kt, lt) = —ft(S, a t)dS + —ft( 0 t)dS
mt, om, ke dk,
l
cof.(m* k¥ s
- J [ B )ds. (42)
- al,

t

Let Z := {F, : ¥, = ¢,(x,,2,) for some (x,,2,) € X x %} be the support of 7,. For given
(7,2,) € B X %, X,(F,,2,) = {x, € X : ¢,(x,,2,) = F,} is non-empty by the construction of
2. Then, because f,(x,) and M, '(x,,z,) are identified, the output quantity ¢ (7, 2,) for any
(7,,2,) € & x % is identified by

90:1(’_'t:2t) = fi(x,) +Mt_1(xuzt) for x, € X, (7, 2,)-

The output price for individual firms is identified as
Pit t =Ty — ‘Pt_l(’_”iuzit)-

Corollary 1. Suppose that Assumptions [IH5l hold. Then, the production function, output quanti-
ties, output prices, and TFP are identified up to scale and location; markups and output elasticities
are identified up to scale.

Remark 1. Examination of the proofs reveals that we have over-identifying restrictions. In par-
ticular, the proof of Proposition[I] goes through with any choice of q,_; € {k,_,1,_1,M,_1,%,_1}
in (33). Furthermore, the proof of Proposition[2ldoes not rely on the restriction in (36)) for iden-

tifying cpt_l(-). These over-identifying restrictions can be useful in developing a specification
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test for the model as well as for efficiently estimating the model.

3.3.4 Comparison to Existing Identification Approaches

Our approach follows the spirits of existing identification approaches, but it does differ from
them in terms of implementations. First, step 2 distinguishes our approach from the standard

control function approach (e.g., |Ackerberg et alJ, 2915]). In step 2, we identify the control
function from the dynamics of the inputs, and without using any output measure. To clarify

why this approach is necessary, consider an alternative approach that uses an output measure.
Specifically, in the second step, we substitute w;, = ¢ (7, 2;,) — f,(x;,) into (28) and obtain
the alternative transformation model:

_1 - = -
@, (Fie»2i0) = fr (i) + R (Fipq, Xy, 201) + 14

where h,(F, 1, X, 1,%,_1) := h(p, " (F_1,2,1) — f;(x,_1)). Since this model also belongs to the

class of transformation models examined by |Chi i ), one might think that we
could have identified ¢,(-) and f,(-) from the conditional distribution function G;,,, (7,|w,) of
r, givenw, := (x,,%,, 71, X;_1,%,—1)- This is not possible, however, because once (x,,z,) is con-
ditioned on, 7, = ¢,(x,,z,) loses all variations. Therefore, the derivatives of G;,, with respect
to past variables (7,_;,x,_;,2,_;) are always 0, which violates the condition corresponding to
Assumption [4] (f).

Second, Ackﬂﬂﬂg_et_al.l dZD_lﬂ) identify a structural value-added function, y; =
v.(k;;, l;;) + w;,, which under perfect competition derives from a Leontief production function

¥ie = min{v,(k;,, l;;) + w;,, a + m; }. However, the structural value-added function is difficult
to employ under imperfect competition because y;, < v,(k;,l;;) + w;, can occur. Note that
the maximum output capacity y := v,(k;,[;;) + w;, is determined before a firm chooses m;,
and y;,. Therefore, if y; is large—due, for example, to a large shock on w;,—then the profit
maximizing output y;, can be lower than yi*t Intuitively speaking, when increases in TFP
double, a firm can preclude a price drop by increasing its output by less than double.

Third, our approach uses the first-order condition for material in a way different from that
seen in |Gandhi et alJ d;o;d), whose step identifies the material elasticity d f,(x,)/dm, from

15As |Ackerberg et al! (2015) explains, under perfect competition, if y;, < Y{,, then the optimal output is 0
since the output becomes linear in material. Since firms in a dataset have positive outputs, y;, = y;; holds for
firms observed in a dataset. However, under imperfect competition, it is possible to have y;, < y/ and the optimal
output is strictly positive.
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the first-order condition (37):

n exp(p;" +m;) Cn af(x;) Cn a‘Pt_l(’”it — €, %it) .
exp (1) om;, or, .

under the assumption of perfect competition where Ind ¢ (r;, — €;,2;,)/dr;, = 0 for all i.
Under imperfect competition, when the markup depends on revenue r;, — €;,, 9 f,(x,)/dm,

cannot be identified solely from the first-order condition.

3.4 Fixing Normalization across Periods

Let (¢;'(), f:(-),M,'(-)) be a model structure for period t identified by using Propositions [II
and [2 under the normalization in Assumption Bl Let (¢:7'(-), f;*(-),M:7'(-)) denote the true
model structure. Since the structure is identified up to scale and location normalization, there

exist period-specific location and scale parameters (a,,,a,,, b,) € R* x R, such as

90:1(rt:2t) =a; +ay + btgoj_l(rnzt), ft(x) =a; + btft*(xt)’
M ' (x,,2,) = ay + b, M (x,,2,). (43)

Generally speaking, the location and scale normalization differ across periods—that is,
(ay;,ay, b,) # (ay;41,a9.41, b,4q1). For the identified objects to be comparable across periods,
we need to fix normalization across periods by assuming that some object in the model is time-

invariant. The subsection discusses these additional assumptions

3.4.1 Scale Normalization

From (43)), the ratio of identified markups across two periods relates to the ratio of true

markups as
d¢ 4(r2)/0r b, 09 (rz)/0r
dpi(rz)/or b, dpri(ra)/or

Therefore, the ability to identify how true markups change over two periods requires iden-

tification of the ratio of scale parameters, b,,,/b,. Similarly, the ratio of identified output

elasticities across periods and that of identified TFP deviation from the mean are related to

16Klette and Griliches (1996) and [De Loecker (2011) identify the levels of markups and output elasticities
from revenue data by using a functional form property of a demand function. They consider a constant elastic
demand function leading to ¢,(¥;¢, %) = ay; — (@ —1)z;, where z;, is an aggregate demand shifter, which is an
weighted average of revenue across firms, and a is an unknown parameter. This formulation implies cp;l(rit, %) =
(1/a)r; + (1 —1/a)z;, and imposes a linear restriction 3¢, ' (r;;,2;,)/0r;; + 8¢, (rir, %)/ 3%, = 1, which fixes
the scale parameter b,.
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their true values via the ratio of scale parameters:

aft+1(x)/aq _ b1 d :rl(x)/aq and Witt+1 _E[wit+1] _ biiq w;‘kt+1 _El:w;‘ktﬂ]
30f.(0/3q b, 0, (0/0q " wu—FElwg] b \ o) —E[w]

forq € {m,k,1}.

To identify b,,,/b,, we consider the following assumptions.

Assumption 6. At least one of the following conditions (a)-(c) holds. (a) The unconditional
variance of m;, does not change over time. (b) For some known interval # of %, the output
elasticity of one of the inputs does not change over time for all x € 9. (c) For some known
interval % of X, the sum of output elasticities of the three inputs does not change over time for
all x € A.

Assumption [6 (a) holds, for example, if the productivity shock w;, follows a stationary
process because stationarity requires that the distribution of 7;, does not change over time.
Assumption [6] (b) assumes that the elasticity of output with respect to one input does not
change over time for some known interval; meanwhile, under Assumption [6] (c), returns to

scale in production technology does not change for some known interval of inputs.

Proposition 3. Suppose that Assumptions [IH6] hold for time t and t + 1. Then, we can identify
the ratio of markups between two periods t and t + 1, the ratio of output elasticities between t
and t + 1, and the ratio of TFP deviation from the mean between t and t + 1.

Proof. Suppose that Assumption [6l(a) holds. Let var(n,) and var(n,,,) be the variance of 7,
and 7,,, identified under the period-specific normalization in Assumption [3] for ¢t and t + 1,
respectively. From and (43), var(n,) = bfvar(nf) and var(n,,.,) = bfﬂvar(n;l). From

var(n?) = var(n?, ), b,,,/b, is identified as b, /b, = v/var(n,)/var(n,,,).
Let df,(x)/dqand @ f,,,(x)/2q be those elasticities identified under the period-specific nor-

malization in Assumption[3|for t and t+1, respectively, and J f,"(x)/Jdq and 3 f ,(x)/dq be the
true elasticities. From (43), df,(x)/dq = b,0f(x)/dq and 3 f,,,(x)/dq = b,,10f/,,(x)/3q
hold.

Suppose that Assumption [6l(b) holds. Then, df(x)/dq = df} (x)/dq for some input
q € {m,k,l} and x € 4. Then, b,,,/b, is identified as b,,,/b, = (3 f,;1(x)/2q)/(2 f.(x)/dm)
for x € A.

Suppose that Assumption [6l(c) holds, implying

Of () /Bm+af (x)/ 0k +3f, (x)/

t+1 t+1 t+1

2 G)fam T af (0jak+ af el X EE
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Then, b,,,/b, is identified as

be _ Ofea(x)/0m+0f.1(x)/Fk+0f 1(x)/01

b, 8f(x)/am+of,(jok+af (Al TR EE

3.4.2 Local Constant Returns to Scale

We consider the following local constant returns to scale that strengthens Assumption [6] (c).

Assumption 7. (Local Constant Returns to Scale) For some known interval B of %, the sum of

the output elasticities of the three inputs equals to 1 for all x € A.

Assumption [7]is stronger than Assumption[6l(c), but it is weaker than the assumptions used
in some other studies on markups. Markup is sometimes estimated as the ratio of revenue
exp(r;,) to total costs T C;, under the assumption that a cost function is linear in output TC;, =
MC,,y;, with constant marginal costs M C;,. The linear cost function requires the following
assumptions that are stronger than Assumption[7k (1) constant returns to scale globally holds
for all x € 98; (2) all three inputs are flexible and (3) a firm is a price taker of all three inputs.
Under Assumption [/, marginal costs may increase in output, especially in the short run, when
dynamic inputs such as capital require adjustment costs.

With Assumption [/} the scale normalization parameter b, can be identified for all periods
as follows. Let f,(x) be the identified production function and f(x) be the true one where
fi(x;)=a, +b,f*(x,) from [43). For x € 98, we have

o (9fi) af(a) [ Of () af(x) | 9fi(x)  9f(x)
bf_bf( om ok | al )_ om | ok a1

Given that we have identified the scale parameter b, in (43]), we have established the following

proposition.

Proposition 4. Suppose that Assumptions [IH5land[Z1hold. Then, ¢,.(-) and f,(-) can be identified
up to location. The levels of markup and output elasticities can be identified. Output quantity,

output price, and TFP can be identified up to location.
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3.4.3 Location Normalization

Suppose that scale normalization b, is already identified—for example, from Proposition [4]
Define

95:1(rtazt) = W:l(ruzt)/bt: ft(x) = f(x)/b,, &, :=w,/b,,
ap, = alt/bt: and d,, := aZt/bt' (44)

Then, (43) is written as
@:l(ruzt) =d;, +dy + gof_l(rt,zt), filx)=dy, +ft*(xt)3 W, =dy, + wt- (45)

From (43), the growth rates (log differences) of the identified output and TFP between t and
t + 1 are related to their true values as follows:

(15;.11(?&+1’Zit+1) - @;l(fiuzit) = Ayp41 FAypp1 — Ay — Ay + 80:11(’_”iz+1azit+1) - Sof_l(’_”iuzit),
ft+1(xt+1) _ft(xt) = Aypq — Ay + T O0) — £ (x,),

Ojpr1 — O = Agpyq — Ay + W], — W}, (46)
Therefore, to identify the growth rates of output and TFE we need to identify the changes in
the location parameters. To do so, we can use an industry-level producer price index P/, which
is often available as data, to identify the change in the location parameters. Suppose that P/
is a Laspeyres index
Qier PP}, + ¥io)
i €XP(Plo + Yig)

where N is a known set (or a random sample) of products. p;, and y are firm i’s log true price

P =

¢

(47)

and log true output at the base period, respectively. The following argument holds for forms
of a price index (other than Laspeyres) as long as the price index is a known function of prices

that is homogenous of degree 1; this condition is usually satisfied.

Assumption 8. (a) The industry-level producer price index P} is known as data. (b) For some
known point x € %, the true production functions of t and t + 1, f*(-) and f ,(-), satisfy

t+1
i) = £,

Assumption [8|(b) is innocuous, implying that any output change between t and t + 1 when
inputs are fixed at x is attributed to a TFP change.

Using the aggregate price index, we can identify the change in the location parameters and
identify the growth of TFP and output.
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Proposition 5. Suppose Assumptions [IH5] [/} and 8 hold. Then, the true growth rate of output

O (Fir1s Zip1) — 07 (Fir, 2,) and that of TFP w?,, | — w?, can be identified for each firm.

Proof. Let p;, := Ty, — ¢ (i, 2;,) and §;, := ¢ '(7,2;,) be an output price and an output
quantity identified under the normalization in (44) and Assumption [3] respectively. Using
these, we calculate an industry-level producer price index with them:

Dici €xp(Pi; + Fio)

b, := — —.
' ZieN exp(Pio + Vo)

From (45) and (7)), P, is written as

Zieﬁ exp(—(dy, +dy ) +pi, +d1o+dyo+ i)
ZieN exp(Pjo + ¥io)

= EXP(&LO + a0 — (G, + dzr))P:-

b, =

Therefore, d,, ., + dy,.q — d;, —d,, is identified as:

a1t+1 +dzt+1 _dlt _dzt - lnP;:_l _lnpt+1 —(ll’lpt*—ll’lpt) (48)

From (46), we identify the output growth rate ¢ (7141, Zi41) — @7 (Fie, Zi0)-
Evaluating the second equation in (46) at x,,; = x, = X in Assumption [8l(b), we identify

Aie41 — Ay AS:

Ay — Ay = &1,t+1 +f[:1(3_5) - (au +ft*(3_f))

= fen (¥) = £ (%).
From (@9), d,,,, — d,, is also identified as
dgpq — Uy = ]'npt*+1 —InPy— (lnPt* —lnPt) - (th+1(J_C) _ft(?_c)) .

Therefore, from (46), the true TFP growth rate w?, , — w? is also identified. O

3.5 Identification of Demand System and Utility Function

Given that we have identified each firm’s output price and quantity, it is possible to identify
with additional assumptions a system of demand functions and a homothetic utility function
of a representative consumer. The identified demand system and the identified utility function

can be used to undertake counterfactual analysis and welfare analysis.

23



We consider an HSA system (Matsuyama and LJshcheyI, 201 ZI), which can be expressed as

a system of direct demand functions or of inverse demand functions. The two systems are self-
dual in the sense that either can be derived from the other. We consider a system of inverse
demand functions. Let P;, := exp(p;.) and Y;, := exp(y;,) be the levels of price and quantity
of firm i’s output at time ¢, respectively. Let N, be the set of firms in the industry and &, :=

ZieNt P,.Y;, be the industry expenditure. The inverse demand function for product i is given
by

P, = iSt(Y—i Z; )
Y; A, (Y, Zt)’ .
where S, (-, 2;,) provides the budget share of product i, Y, := (Yy,,...,Yy,) € % = exp(¥)"
is a vector of consumption, z, := (2y,,...,2y,) iS @ vector of observable demand shifters and
A.(Y,,z,) is the aggregate quantity index summarizing interactions across products Since
S,(+) is nonparametric, the HSA system can nest various demand functions used in the litera-

ture such as the constant elastic demand from the CES utility, the symmetric translog demand

dEe_enSILJ, |2M [Ee_ens_n:a_an.djélems_tﬂd, |2Q12|), or the constant response demand (MrAizovAi
and Neary;, @; )

For identification of a demand system, we make assumptions regarding the market struc-

ture.

Assumption 9. The good market is monopolistically competitive (without free entry)—that is,
each firm takes the quantity index A.(Y,, z,) as given.

The assumption of monopolistic competition follows |K.Le_tl:_e_an.d_G.t1h£h_e4 dlﬁid) and
|]le_LQ_e_cke‘t| dZQL'IJ), with the inverse demand function becoming a symmetric function of the
firm’s own output, as in (8).

The demand elasticity equals (u— 1)/u when u is markup. If the markup is identified up
to scale, then the demand elasticity is not uniquely identified. Therefore, we need to fix the
scale normalization to identify the demand function.

Assumption 10. ¢ '(7,,z,) is identified up to location.

Assumption [10Q] is satisfied when Proposition 4] holds.

e Y , then the inverse demand function is given by

71/ P ()
171f the utility function is CES U,(Y,,z,) = [ N Yp(z”)] o

p(zi) . o . . s .
P, = % (ﬁ) . In this case, the quantity index is the same as the utility function, but they are generally

different.
18A HSA version of the constant response demand (MrAizovAi and Neary, [2017; [2019) can be formulated

a 19
as for example, P;, = @ |1 §t(§‘[‘ zr)) +yzit] where firm i’s markup is given by u;, = # + a/sy(zyl.[ - See
Matsuyama and Ushche ) regarding how the HSA nests the translog demand.
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An HSA demand system can be constructed as follows. Suppose ¢, '(7,,2,) is identified
from Proposition [4; taking its inverse function obtains the revenue function ¢,(y,,2,). Fix-

ing a realized data point of Y : 0)€ % and 20 := (20,...,20,) € &V, we let

( 1t " Nt
@, 1= Dy XP (¢, (InY?,2 )) be the consumer’s budget, which is taken as given. For given

lt’

(Y,,z,) € # x %N we define a vector of market shares S,(Y,,z,) := (S,(Y1:,21.); oo S, (Yn1> Zn 1)

such that
eXp (th (11'1 it> th))

®,

St(YiuZit):

The quantity index A,(Y,,z,) is identified as follows. First, since ZleN (Yl?, ) =1, by
construction, A, (Y%, z) = 1 holds for the data point (Y°, z°). For other values (Y,,z,) € Z x %",

we can obtain A,(Y,, z,) by solving

25 (A (Y. 2)’ “)_1'

iEN,

Since S, (-, 2;,) is continuous and strictly increasing, A,(Y,,z,) is uniquely determined. Then,

we obtain the inverse demand function for all (Y,,z,) € % x ZV:

o)) Y.
b= _tSt ( - azit) . (49)
Yi, A (Y,,z,)

Applying the result of Matsuyama and L,Jshcheyl (2017, Proposition 1 and Remark 3), the fol-

lowing proposition establishes that the HSA demand system (49) constructed above can be
derived from a unique consumer preference, and that it is possible to identify an associated

utility function. Appendix [AT]supplies the proof.

Proposition 6. Suppose Assumption [I0l holds. (a) There exists a unique monotone, convex, and
homothetic rational preference 2 over % that generates an HSA demand system (@9). (b) This
preference % is represented by a homothetic utility function defined by

1t/A (Yt t) S (gjzlt)

———d¢,
i(2¢) g

N
InU,(Y,,2)=InA (Y, 2)+ Y J

where c(z,) := (c,(2,), ..., cx(2,)) is defined by U,(c(z,),z,) = 1. (¢) The identified demand system

S.(+) and preference Z do not depend on the location normalization of (pt_l(f‘t,zt).
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3.6 Identification in Alternative Settings

3.6.1 Endogenous Labor Input

Identification is possible when [, correlates with 7,. In the spirits of IAckerberQ et alJ (2(215]
and the dynamic generalized method of moment approach (e.g., |Arellano and Bond, 1991;

, hﬂé; [mad_elLan.(LB_Qnd, Ilﬂgé, ZD_O_d), we provide identification using

lagged labor [,_; as an instrument for [,. Specifically, we follow the approach of

), which assumes (1) [, correlates with [,_; and (2) the firm’s profit maximization problem
regarding m, conditional on [, is expressed by (10), which allows the material demand to be
written as m;, = M, (w;,, k;;, l;;,2;,). This approach has the advantage of being consistent with
various data generating processes regarding the choice of [,

Identifying M '(x,,2,) using [,_; as an instrument for [, is nontrivial because the model
includes I,_; in h, (x,_1,2,_,). It is not possible to use the variation of ,_, simultaneously
for two purposes (i.e., identifying h, (x,_;,%, ;) and instrumenting [,). Therefore, we proceed
to identification in two steps. We first identify h, (x,_;,2,_,) (up to location) and then use [,_,
to identify M '(m,, k,, [, 2,).

Identification of h, (x, 1,2, ;).

Assumption 11. (i) Assumptions 4 (a), (d), (e), and (f) hold. (ii) m, is independent of
w, = (k,2,%X,_1,%1) € W = H x ¥ x X x ¥ with E[n,|W,] = 0. W, is continu-
ously distributed on #. (iii) For each (x,_1,%,_;) € X X %, Ay (Xe1,221) = {(X,8,) €
X x .,%"laGmAvt(rhtlfct, [,,, %, 1,%_1)/dm, > 0} is non-empty.

Assumptions[17] (i) and (ii) simply modify Assumption[4]such that [, may correlate with 7,.
Assumption [TT] (iii) is innocuous because it is satisfied if the firm’s survival probability at time
t conditional on (x,_;,2,_;) is not 0.

The conditional distribution of m, given v, satisfies

Gmt|vt(mt|vt) =G, (Mt_l(mt: keole,2) — Et (Xe—1,%1) |lt) .

Taking the derivatives of both sides with respect to q, € {m,k,,2} and q,.; €
{k._1,1,_1,m, 1,21} and their ratios, we identify 9M*(m, k., ,,%,)/9q, and dh(x,_1,7,,)/3q,

19See |Ackerberg et all (2015) for examples of such data-generating processes. For example, [, can be chosen
at time t with adjustment costs; a firm can face an auto-correlated firm-specific wage; or [, can be chosen at time
t —1 or at an intermediate time between t and t — 1.
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as follows:

aMt_l(mu kel 2e) . _ail (X_1,%_1) aGmtm (m,lke, L2 %20,%04) /94,

PO , (50)
24, 04,4 aGm[|v[ (melke, L 20, X21,%021) /04
al_’l (xt—lﬂzt—l) _ _aMt_l(ﬁlt, kD ltﬁgt) aGmtlvt (mtlkt: ltaét’ xt—lazt—l) /aqt—l (51)
9qe1 am, aGm[M (mt|l~(ta thgt: xt—lzzt—l) /dm, ’

where (X,_,%,_1) € 4, _|

and (X.,%,) € ., (x,_1,%.,). Note that is the same as in
(@ID. Thus, following the same steps as those in the proof for Proposition [Il we identify
oM, *(m,k,,1,,2,)/9q, up to scale, and then dh(x,_1,2,_,)/2q,_, up to scale from (5I).
Define d, (l ) :=M (m?, ki, 1, 20) for (mly, ki,27) in (I3) and d :=h ( .2 1) for some
point (x}_,,z ) € X x Z. Integrating the identified elasticities in (50) and (5I), we obtain

Mt_l(mt’kt: ltazt) = dl(lt)+Alt(xt’Zt): (52)
}_l(xt—lazt—l) =d+ Ay (x21,21), (53)

where function d;(l,) and constant d are unknown objects to be identified; A;,(x,,2,) and

Ay, (x,_1,2,_1) are identified and thus treated as known functions ﬁ

Identification of M ' (m,, k,,[,,z,). Defining H;, := Ay, (x;;,2;)—Ap, (x;,_1,%;,—1) as a known
variable, we rewrite model (28] as

H;, =d—d,(l;)) + ;.

From [,_, 1n,, we obtain the following moment condition for nonparametric instrument vari-
able (IV) identification:
E[H; —d+d(L)ll;11=0. (54)

gpecifically, A;, (x;,2,) and Ay, (x,_1,%,_;) are given by

M oM (s, k,, 1,2 oM 1(m,,s, 1,2 oM (m?y, k5 L, s
A (xtyzt)::f N S (ke le t)ds+J ( s t)ds+J ( o e )ds
k; z

m, aom, ok, ) oz,
M1 t—1
dh,(s, k oh m*_,8, L, %,
Aht(xt—l:zt—l)::f (s, énll’ leo1,2e 1) f ( a1k li—1,2 1)ds
le t—1 k* —1
[ 7 * % - y
+f 1 aht(rnt_l’kt_l’S’Zt_l)dS-i-J.z 1 ah (mt 1 t 1’lt 1’ )ds
., 9l o 02,4

t—1
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For instance, if f, is Cobb-Douglas as in (15), then d;(l,) = —6, (lt —l:‘) from (18], and the

moment condition (54]) becomes that for linear IV regression:
E[Hy—d—6,(l;; = )|l ] = 0.

A standard procedure of linear IV regression identifies (d, 6,) if [;, sufficiently correlates with

lit—l'
Following the literature on nonparametric IV (e.g, Newey and Poweli, |2_O_Oj), we assume

that [,_, satisfies the following completeness condition.

Assumption 12. For all functions 6(l,) : & — R such that E[6(1,)|l,_;] < oo, E[6(I)|l,_;]=0

a.s. implies 6(1,) =0 a.s..

With Assumption [I2] the moment condition (54) uniquely identifies {d,dl(lt)} Since
E[e.|x,,z,] =0, step 1 continues to identify ¢,(-). Therefore, once M, '(m,, k;,[,,2,) is identi-
fied, step 3 identifies all the same objects as before.

Proposition 7. Suppose that I, may correlate with m, and that Assumptions [IH3] [5 [I1] and
hold. Then, the production function, output quantities, output prices and TFP are identified up to

scale and location; markups and output elasticities are identified up to scale.

3.6.2 Endogenous Firm Characteristics

Firm characteristics z, may correlate with 7),. For simplicity, we again assume that [, is exoge-
nous. We show that even in the absence of any IV for z,, we can identify the markup and the
production function. If valid IVs for 2, are available, all the same objects can be identified as
before.

We modify Assumption [] so that z, may correlate with 7,.

Assumption 13. (i) Assumptions |l (a), (d), (e), and (f) hold. (ii) m, is independent of w, :=
(kL X,_1,2,1) €W :=H X L x X x %. wis continuously distributed on #. (iii) For each
(X 1,21) E X XZ, (X 1,2,1) ={(%,5,) € X x%|0G,, |, (", |k, 1,5, x, 1,2, 1)/0m, >
0} is non-empty.

Identification without Instrument Variables. The conditional distribution of m, given v,

satisfies

2~1The proof is as follows. Suppose {d,d,(1;,)} also satisfies the moment condition (54). Then, it holds that
E[d—d +d,(1;;) — d;(l;)|l;;—; | = 0 a.s. The completeness condition implies d —d +d;(l;;)—d;(l;;) = 0 a.s. Since
&l(lf) =d,(I¥) = 0 from Assumption 3] d = d holds so that dy(l;,) = do(L;,).
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Gmt|v[(m|vt) = Gnt|z[ (Mt_l(ms kt3 ltszt) - Flt (xt—lszt—l) |Zt) °

Taking the derivatives of both sides with respect to m, q, € {m,k,[,} and q,.; €
{k,_1,l,_1,m,_1,%,_1}, We obtain and (5I). Following the same steps as in subsection
B.6.1] we identify IM;'(m, k,,l,,2,)/2q, and 8h(x, ,%,_1) /3q,_; up to scale.

Since E[¢,|x,,2,] = 0, Lemma[Il continues to hold and ¢,(-) is identified. Therefore, using
and the first-order condition (37) with the identified derivatives of Mt_l(-), it is possible to
identify markup and output elasticities (41) up to scale. Integrating the output elasticities,
we can identify the production function, following (42)).

Proposition 8. Suppose that z, may correlate with m, and that Assumptions 2] B] 5} and [13]hold.
Then, we can identify the markup 0 ;' (7;,2;)/dr, of each firm up to scale and the production
function f,(-) up to scale and location.

Applying Propositions[3]and Proposition[4] it is possible to identify the changes in markup

and output elasticities overtime and the levels of markup and elasticities, respectively.

Identification with Instrument Variables. To identify got_l(-) and Mt_l(-), we need a set of

IVs {, for z,. A candidate for {, is z,_; if z,_; correlates with z,.

Assumption 14. (a) There exits a set of instruments {, such that E[n,|{,] = 0 a.s. (b) For all
functions 6(z,) : Z — R such that E[6(2,)|(,] < oo, E[6(2,)|{,] =0 a.s. implies 6(z,) =0 a.s.

Following similar steps by which to derive (53), we obtain
Mt_l(mta kesleyze) = dy(20) + Ay (x5 2,)

and (53), where d,(z,) := Mt_l(mfo, k?,[7,z,) is an unknown function to be identified;
A,, (x,,2,) is identified and treated as a known function Defining Hfth = A, (i, 2i0) —

Ay, (x;_1,2;,—1) as a known variable, we rewrite model (28] as
Hi' =d —d,(z) + ;.

From Assumption [14] the moment condition, E[n;|{;;] = E [Hfth —d+d,(z,)|C it] = 0, identi-
fies {d,d,(z,)}.

2gpecifically, A, (x,,z,) is given by

"OML (s ke Loz oM (s, 1,2 oM (my, ks, 2
Azt(xt:zt) = Mds+ £ ( t0 ¢ t)ds+ t ( t0° ¢ t)dS
amt k akt l;‘ 3lt

¥
my, t
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Proposition 9. Suppose that z, may correlate with m, and a set of IVs {, satisfies Assumption
Suppose Assumptions 2 B} B} and [I31 hold. Then, we can identify ¢ '(-) and M '(-) up to scale
and location and identify G,(-) up to scale. That is, output quantities, output prices and TFP are

identified up to scale and location.

3.6.3 Alternative Settings

The Appendix presents the identification results in three alternative settings. The identification

argument remains the same but requires some additional steps.

Discrete Firm Characteristics. Observable firm characteristics z, may constitute a discrete
variable. Appendix[A.2] provides a proof.

Unobservable Firm-Level Demand-Shifter. The identification can incorporate an unob-
served demand shifter &;,, which can be called quality. Let J’jt =y, +&; and pjt =Y —&it
be the quality-adjusted output and the quality-adjusted price, respectively. We consider the

following inverse function and revenue function:

piTt = wt(y:-t’zif)’
it = (pt(.yjpzit) = (pt(ft(xt)+wjt’zit) (55)

Rl

where wjt = w;, + &, is a composite of TFP and quality. In Appendix [A.3] we show that
(55) derives from a representative consumer’s maximization problem where exp(&;,) enters
the utility function in a multiplicative manner with quantity. In (55)), higher quality allows a
firm to earn more revenue for a given output. We assume that &;, follows a first-order Markov
process w! =h(w! _,)+n.

Under the current setting, the model structure becomes identical to the main model where
(Pie» Yie» Wi, ) are replaced with (pft, yl.Tt, cojt). Therefore, applying precisely the same steps, we
can identify all functions identified in Section 3 and the quality-adjusted variables (p,,, y;., ;).

IID Productivity Shock. As an alternative error structure, we consider an i.i.d. production

shock e;, to output instead of a measurement error ¢;,. Then, the firm’s observed revenue r;,

and inputs x;, are related as follows:

Tig = (Pt(ft(xit) +w; t eitszit)‘ (56)
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A firm chooses m;, at time t by maximizing the expected profit:

m;, = M, (w0, kig, Ligs 2i)

= argn;tax E[exp (Qot(ft(m: ki, lit) tw; + eitszit)) |°’¢1t] - eXp(pT + m).
me
where .#,, is the set of information for the firm that includes all past variables and all time—t
variables except e;,. The identification of the control function w;, = M, (my, k;;, l;;, %) re-
mains the same because Mt_l(-) continues to be a function of the same variables.

In the second step, the revenue function (56)) is written as:

w:l(rmzit) :ft(xit)+Mt_1(xit:Zit)+eit' (57)

Model (57) also belongs to the class of transformation models studied by |£hLapp_Qt1£1_alJ
). Therefore, by applying the nonparametric identification of a transformation model
and using the first-order condition for the material, we can identify ¢,(-) and f,(:) up to scale
and location from the conditional distribution of r;, given (x;,,2;,) under the assumptions simi-
lar to those for Proposition[2l As an additional complication, the first-order condition includes
expectation with respect to e,. Therefore, we first identify the distribution of e, to derive the

first-order condition. Appendix [A.4] provides a proof.
Because of the ii.d. shock e, the realized value of 3¢ *(r,z;)/dr, no longer equals
the markup. We identify the markup from the cost minimization, following ) and
). As shown in Appendix [A.4] the equation for the markup

u;, becomes
_ df(x;)/Omy,
exp(py" +m;,)/ exp (r —e;)
The difference from the original Hall-De Loecker-Warzynski markup equation is

it

exp (r;, —e;,) instead of exp(#;,) = exp(r;, —¢&;). While r, = ¢,(x,,2,) in (38) is a deter-
ministic function of (x,, z,), r,—e, is generally not. Therefore, the markups are different across
firms even after being conditioned on (x,, 2,).

4 Concluding Remarks

The current study developes constructive nonparametric identification of production func-
tion and markup from revenue data. Our method simultaneously addresses two funda-

mental identification issues raised in the literature of production function estimation since

[M.al:s_dlak_amlAn.dr_emJ dl%_AJ)—namely, correlations between inputs and TFB and biases from
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markup heterogeneity when revenue is used as output. Under standard assumptions, when
revenue is modeled as a function of output (rather than a mere proxy for output) and firm’s ob-
served characteristics, various economic objects of interest can be identified from revenue data.
In an ongoing follow-up research, we provide an estimation procedure and plan to estimate
these objects from an actual dataset.
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A Online Appendix (Not for Publication)

A.1 Identification of Demand Function

A.1.1 Proof for Proposition

The proof for Proposition [6] uses the following result of Matsuyama and LJshcheyI (2017).

Theorem A.1. (Matsuyama and lehgheyl, 2017, Remark 3 and Proposition 1). Consider a map-
ping s(Y) := (5,(Y1),...,sy(Yy)) from ]R’J\r’ to RY, which is differentiable almost everywhere, is

+7

normalized by
N

Zsi(Y;“) =1, (A.1)

i=1

for some point Y* := (Y7, ..., Y}) and satisfies the following conditions
SIY)Y; < 5,(Y,) for i =1,...,N,
slf(Yi)s;.(Yj) >0fori,j=1,...,N, (A.2)
for all Y such that Zi\lzlsi(Yi) = 1. Then, (1) for any such mapping, there exists a unique mono-

tone, convex, continuous, and homothetic rational preference that generates the HSA demand

system described by

@ Y; :
P,=—s;| —= | fori=1,.,N,
v, \A(Y)

where ® := Zivzl P.Y; and A(Y) is obtained by solving
N

Zsi (Aéi{ ) =1

i=1

(2) This homothetic preference is described by a utility function U which is defined by

. N J 5@
nU(Y) =InAY) + > : dE, (A.3)
1 C

i=

where c is a constant.

Matsuyama and Ljshcheyl (201 ZI) proved (1) from the Antonelli’s integrability theorem. See

their paper for the proof. dZD_lj) provides a proof for (2) for the case

of direct demand functions instead of inverse demand functions considered here. So we will
provide the proof for (2) in the following proof for Proposition[6] (b).
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Proof for Proposition

Proof. (a) We construct S,(Y;/A,(Y,z2,),2;.) and A,(Y,,z,) as is explained in the main text. Fix
z, = (2y;,...,2y,) and time t. For Y € %, define A(Y) := A,(Y, z,) and s(Y) := (s1(¥}), ..., sy (Yy))
such that s;(Y;) = S,(Y;, 2)-

Define %, := {Y/A(Y) : Y € #}. Then, for all Y € %, Zlivzlsi(Yi) = 1 holds by construction
of A,(+). At the same time, for all Y that satisfies Zivzl s;(Y;) =1, A(Y) = 1 holds so that Y € %,.
Therefore, #, = {YE ¥ : Zilsi(lﬁ) =1}.

Consider Y € #,. From Assumption[I] (b) and y :=1InY,

atpt (IHY,Z) =1 + al/%(lnY:Z)

0<%y oY

<1
holds. The above inequality implies

si{(Y)>0and s/ (Y)Y <s;(Y)foralliand Y

because
, exp(p,(InY,2;,)) d¢,(nY,z;,)
Sl.(Y)YZ p ‘Ptq) t (Ptal t
‘ nY
:Si(Y)a(pt(lnY,}Zit).
JdlnY

Therefore, s(Y) satisfies the inequalities in (A.2]) for all Y satisfying Zi\lzl s;(Y;) = 1. From

Theorem[A.1] (1), there exists a unique monotone, convex, continuous, and homothetic rational

P = fs,(i)
oy, A

S ( Yie )

—7 Z 2
t A (Yt, Zt) it
where &, is the consumer’s budget.

(b) The following derivation of the utility function follows the steps inh&amma_andllshshﬂzl

). Let U,(Y,, z,) be the utility function that is homogenous of degree one with respect to
Y,. Then, the indirect utility is linear in income &,:

preference that generates

A

D~<

|

d

I.(2,)’ (A

V.(P,,®,) = n}{aX{Ut(Yu Zt)lplth <®}=

A2



where II,(P,) is the ideal price index. The first-order condition is given by

ou, (Y,,z,) _
oY

1

A'tpit’

where A, = 1/I1,(P,) is the Lagrange multiplier. The Roy’s identity derives the demand for firm
ias
oV, /oP, _ & (Ol P
" av /88, Py (aPit E)'
From (A.4), the expenditure function is written as e,(P,,U,) = I1,(P,)U,. Applying the Shep-
ard’s lemma derives the demand for firm i as

(A.5)

_ Jde(P,U,) 0II,

= U.. A.6
i op, opr, ' (A.6)

Using (A.6), A, = 1/I1, and the first-order condition, we obtain

oM P _YuPu _Yu, , _ 90U Y
oP, I, U, U "% 08Y,U’

Therefore, from (A.5), we have

( Yy, ) P.,Y, 0N, P, JU Y,
—_—,%; = —_— = —_ = —,
‘ A(Yu Zt) . o, op;, II, Y, U,

which can be written as

olnU.(Y,,z,) 1 ( Y; )
——=—S5, | ———,2; |- (A.7)
oY, Y, ' A, (Yta Zt) ‘

Let A, = A,(Y,,z,). Since U,Y,,z,) is homogeneous of degree one with respect to Y,,
oU,(Y,,z,)/2Y;, is homogenous of degree zero with respect to Y,. Therefore, it holds

dInU,(Y, /A, z,) _ U (Y, /A, z,) 1
Y, oYy U(Y. /A, 2,)
_ oU(Yy,z,) A
Yy, U(Y,2,)
:Ata In Ut(Yt,zt).
oYy
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Then, (A.7) becomes simplified as

oInU,(Y,,z,) 1 (Yu )
——— _S[ )th
aYit Y At
dInU,(Y,/A,,z.) A, (Y;-t )
— _St 5th
aYit Y Af
¥ S (Y,,z
o, Uz _ 5 (7, ), (A.8)
Y, Y

where ¥, := Y,,/A, and Y, := (Yu,...,f/m). Let c.(z,) := (¢y,(2,),...,cn.(2,)) be defined by
U,(c.(z,),z,) = 1. Then, integration of (A.8) leads to

— )—Zf 5. (5 S(E50) 5,

cie(z)

Since InU,(Y,,z,) = InU,(Y,/A,,z,) =InU,(Y,,z,)—InA,, we obtain the utility function stated

in the proposition as follows:

Yie /A (Ye,2)

N
InU,(Y,,z,) =InA, (Yf’zf)+ZJ Mdi.

cie(z¢) 5

(c) The homothetic preference implies that the market share P, Y;,/®, depends only on a
price vector and is independent of income. This property requires A, (Y,, z,) to be homogenous

of degree one with respect to Y, so that for any k > 0, it

S( kY;, z)— ( kY, )—S( Y, z)
‘ At(kYt’Zt), ) kA, (Y,, r), B ) = At(Yt’Zt), vy

Let ¢;'(7;,%;) be the identified log output and ¢!'(7;,2;) be its true value. Since
@' (7i»2;,) is identified up to location, there is a € R such that ¢, '(7;,2;,) = a+ ¢ (7, 2;,)
The identified output Y;, and the true output Y;; are related as follows:

Y, = eXP(SOt_l(’:it: %))
=exp(a+ ¢/ (Fir, )
=exp(a)Y;.

Since ¢,(y;,2,) = ¢;(y, —a,z,) forall y, and z,,

Pe (ln lt’zlt) = QP: (lnYit _a:Zit) = (Pt (IHY:‘;, lt)

A4



Then, the market share function S.(Y;,z;.) := exp(¢,(InY;,z2;))/®, constructed from the
identified outputs agrees with the market share function S¥(Y},2;,) := exp ((p ; (ln Y,z )) /®,
constructed from the true outputs:

exp (. (nYi,2.)) _ exp (¢} (In¥;;, 7))
@, o,

St(Yvif’Zit): =S ( it? lt)'

Thus, the identified demand system does not depend on the location normalization of p~!(-).

Since the quantity index A,(Y,, z,) is homogenous of degree one with respect to Y,,

Ge _ ew@Y  ew@Y; Y
A(Y.,z,) Alexp(a)Y;,z,) exp(a)A(Y;,z,) A(Y},z,)

Let U,(Y,, z.) be the identified utility and U/(Y}, z,) be the true utility. Then, they are related
as

Yie /A (Ye,2)
“s, (5 8¢ (€zi)

InU,(Y,,z,) =1nA, (Yt,z)+ZJ dé,

ci(z¢)

N ir/Af(Yf’Zf) S* Z.
:a+lnAt(Yj,zt)+ZJ %di
¢/ (z)

i=1

=a+InU!(Y},z,),

where c/(z,) := ( ;. (Z), .. 05, (2, )) defined by U*(c/(z.),z,) = 1. Therefore, the log utility
function is identified up to the location normalization of ¢ '(-). The identified utility function
is a monotonic transformation of the true utility function, which implies both utility functions

represent the same consumer preference. O

A.2 Discrete Firm Characteristics z,

This section proves Propositions [1] and [2] for the case that z;, is a discrete variable and have
finite support & := {2z, ...,2’}.

The following assumption modifies Assumption [I] for discrete z;,.

Assumption A.1. (a) f,(+) is continuously differentiable with respect to (m, k,l) on M x X x &L
and strictly increasing in m. (b) For every z € %, ¢,(+,2) is strictly increasing and invertible
with its inverse got_l(f‘,z), which is continuously differentiable with respect to ¥ on %. (c) For
every (k,l,z) € X x ¥ x %, M,(+,k,1,2) is strictly increasing and invertible with its inverse
Mt_l(m, k,1,2), which is continuously differentiable with respect to (m, k,l) on .4 x # x ¥£. (d)

g, is mean independent of x, and z, with E [¢,|x,,z,] =0
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The following assumption modifies Assumption (4] for discrete z;,.

Assumption A.2. (a) The distribution G,(-) of 1 is absolutely continuous with a density function
g,() that is continuous on its support. (b) n, is independent of v, := (k,,1,,2,,X,_1,%,_1) € ¥V :=
H XL XEXX xZ. (c) x is continuously distributed on . (d) The support (2 of w is an interval
[w, 0] C Rwhere w <0and 1< &. (e) h(-) is continuously differentiable with respect to w on €.
(f) Theset .o, :={(x,_1,2,1) EXXZ :0G,,, (mv,)/3q,_; # O for all (m, k,,1,,2,) € M %
H X ¥ x %} is nonempty for some q,_ € {k,_1,1_1,M;_1,%,_1}. (g) Foreach (x,_1,%2,_1) € X X%,
it is possible to find (x,,2,) € & x & such that 3G, , (m|k;,l;, 2., X._1,%,1)/dm, > 0.

A sufficient condition for Assumption[A.2] (g) is g,,(n) > 0 for all n € R, under which
below shows 3G, |, (m|k,1;, 2., X_1,%,_1)/dm, > 0 holds for all (x,,z,).
The following proposition establishes the identification of M (-).

Proposition A.1. Suppose that Assumptions B 3] AT} and hold. Then, we can identify

M '(m,, k,,1,,2,) up to scale and location, and identify G, () up to scale.

Proof. Choose normalization points (m},,k},l) and (m},,k},[*) in Assumption [3] as well as

x} | € % such that, for z,,z,_; € Z,

Mt_l(m* ki1, 2,) = co(2), Mt_l(m* ki, 17, 2.) = c1(2,), and i_l(x:_lazt—l) =cy(z-1), (A9)

t0’ "t e’ t1’ e’ e

where {cy(2,),¢1(2,), 2(2,-1)};, z,_ ez are unknown constants. Without loss of generality, let z*
in Assumption [3]be 2} = z!. Thus, the normalization in Assumption [3is imposed as

co(z')=0and ¢,(z') = 1.
From 7, L v,, the conditional distribution of m, given v, satisfies
G,y (M v) =G, (Mt_l(mt, k., l,2,)— ilt (xt_l,zt_l)) .

Taking the derivatives of G, , (m,|v,) with respect to q, € {m,k,[,} and q,.; €

m|v

{ki—1,1,—1,m.;} . The derivatives of G,, |, (m|v) are

aGmtlv[ (mtlvt) _ aMt_l(mt: kt: ltazt)

g, (M (my, kp, L, 2) — Ry (X 1,2,4)), (A.10)

a2q, 2q,
aGth(m |V) afz(x_,z_ ) _ T
£t = — el g’f) (Mt 1(mt:kt:ltazt)_ht (xt—lﬂzf—l))' (All)
aqt_l aqt—l

Using Assumption [A.2] (f), we can choose q,_; € {k,_;,l,;,m,_1,2,,} and (X,_,,5,_,) € A, __
such that 9G,, \, (m.|k,, 1,2, %._1,2,_1)/9q,_; # O for all (m,,k,,l,,2,) € M X H x & x Z.

m|v
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Dividing (A.10) by (A.11)), respectively, we obtain for q, € {m,, k., [, }

aMt_l(mt: kt: ltazt) _ _ail (it—ls gt—1) aGmtlvt (mtlkD lt,Zt, i’t—lagt—l) /aqt

= = (A.12)
24, 3G, aGmt|vt (melke, U2, X0 1,821) 10,1
Then, from (A.9) and (A.14), we have
1=c(2z')—colz")
=My K 2 ) =M (i K )
— _aﬁ(it—ligt—l) Mo aGmtlvt (mlk;k’ l:(’zl’jzf_l’éf_l) /amt dm
9¢, me 0Gu, (MIKE 120, %1, 5,00) /0
and therefore identify dh (%, ,,%,,)/2q,_; as
Oh(%,_y,% .
OnFpi) _ g (A.13)

qe-1°

944

where

m* % 1% ~ ~ -1
. (J 0 9G,,,, (mlk:, 1,2, %, 1,5, ,)/dm, )
S = dm, | .

qe—1 ° * * 1 & ~
my, aGmtlv[ (m|kt’ ltaz ’ xt—lazt—l) /aqt—l

By substituting (A.I3) into (A12), we can identify dM, '(m,, k,,l,,2,)/0m, and OM ' (m,, k,,1,,2,)/2q,

as

oM, k SO R e}
aMt—l(n;t(,lfct, loz) Sy Tyu (o), (A.14)
where
0 Gy, (milki, Lisz Xy, %i0) /O,

Tpq . (x,2) = ¢z ’
t9e—1 7t aGm[IV[ (mt|kt’ lt,Zt, xt_]_szt_]_)/aqt—].

aGmtlvt (mt|kt’ ltazt: it—lzgt—l) /aqt
T‘lt‘lt—l(xt’zf) = ~ - .
aGmtlvt (mt|kt3 lt:zt: xt—l’zt—l) /aqt—l

From (A.9) and (A.14), Mt_l(xt,zt) is written as

Mt_l(xt,zt) = co(2) + Ap(xe, %), (A.15)
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where

A (x,,2,) = §qt_1 {J Tmtqt_l(s, k1., z.)ds

*
t0

* *

ke l;
+f Tktqt_l(mtoasa lt: Zt)dS + f Tlqu—l(mto’ k;k,S, Zt)dS} .
k l

From Assumption [A.2] (g), for a given point (x,_1,%,_,) € X x %, we can find some point
(m,, k., 1,,%,) € Z x & such that 3G, (ﬁltlfq,Tt,it,xt_l,zt_l)/am > 0. Dividing (A.11) by
(AI0) identifies 8h (x,_1,2,,)/3q,_; as

oh (X,_1,%,-1) _ _aGth (mt|l~(t’ Ttigtﬂ xt—lazt—l) /04, 3Mt_1(ﬁlt, i(t’ Ztﬁit)
9qi 0G . (Melke, L 2%, 1,2,,) /M am '

Repeating this, we can identify 8h (x,_,,2, ;) /2q,_; for all (x,_;,2,_,) € ¥ x %. From (A.9)
and (A&13), we can write h,(x,_,,2,_,) as

he(x1,20) = Ca2e1) + A (o1, %c1) (A.16)
with
M1 AR (s k, 4.1
Ail(xt—l; Zt—l) = J t(s’ af—r;l’ t—1> Zt_l)ds
m t—1

t—1

ds.

n Jktl aht(mj_lasglt—l,zt_l)ds + fltl aflt(mf—l’k?—l’s’zt_l)
K" akt—l I alt_l

t—1 t—1

Therefore, we can identify M '(m, k,,[,,2,) and h, (X,_1,%.1) up to {co(2), c2(2)} o
Define H,(z,,%,,) := E[A,(m, k., l,2) — Ay(x_1,%2_1)|%,2%1]. To determine

{co(2), co(2)},co, We evaluate

0=E [ntlztzzt—l]
= E[M;"(m, k;, 1, 2) =R, (X1, 200) 120,21 ]
= ﬁt(znzt—1) +co(2,) —ca(2,-1)

at different values of (z,,z,_,) € 2. First, evaluating E[7,|2,,2,_1] = 0 at z, = z', and noting
that c,(z') = 0, we have

Cz(zt—l) = ﬁt(zls Zt—l)'

Therefore, c,(2) is identified for all z € . Second, evaluating E [n,|2,,%,_,] = 0 at z,_; = 27,

A.8



we identify cy(z) as

CO(Zt) = Cz(zl) _ﬁt(ztszl)

=H,(z},2Y) —H,(z,,2Y).

Given that {c,(2), cy(2)},co are identified, we can identified M, '(m,, k,,;,2,) and h(x, 1,2,)
from and (A.16).

Each firm’s TFP w;, = M, '(m;,, k;;,l;;,%;,) is identified up to scale and location normal-
ization. From E[7,|x,_,,%,_;] = 0, we can identify h,(x,_;,2,_,) = E[w,|x,_;,2,,] and
M = @i —h,(x;,_1,2%;—1). Thus, we obtain the distribution of 1),, G, (n). O

Note that the proofs for Lemma [I] and Proposition [2] do not rely on the continuity of z,.

Therefore, the exactly same proof proves the following proposition.

Proposition A.2. Suppose that Assumptions 2] B] [A 1] and [5 hold. Then, we can identify

¢ () and f,(-) up to scale and location and each firm’s markup 8¢, (¥, %;)/dr, up to scale.

A.3 Demand Function with Unobservable Demand Shifter

We derive the demand function (55) form a representative consumer’s maximization problem.
Suppose there are I products. Let Y;, = exp(y;,) and P,, = exp(p;,) be the output and price

levels of firm i. Consider a representative consumer’s utility maximization problem:

I
max U (u(exp(&1,)Y1s,21,) 5 oot (€Xp(E1 )Y, 21)) sit. ZPitYit =Y,

ithi=1 i=1
where Y, is income, the upper tier utility U(-) is symmetric in its arguments and the lower
tier u(-) is common for all products. Using Pjt = p; — &; and yjt = Yy; + &, the utility

maximization problem is rewritten as

I

max U(u (exp (yft),zlt),....,u(exp(y;t),z“)) s.t. Zexp (pjt)exp (J’D =Y,.

1
{¥ it}{=1 i=1
The first-order condition for maximization is

;84 (exp(¥7,) =)

: =2 ),
dexp(y)) cexp ()
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where A, is the Lagrange multiplier and each firm takes A, and U’ as given under monopolistic

competition. The inverse demand function for firm i is written as:
pi't = '(/Jt(yi'tazit)-

A.4 1ID Productivity Shock

A firm receives an i.i.d. shock e;, to output after choosing inputs:

Yie = fi(x;) + w;, +eg,

We suppose that firm’s revenue r;, is given by

rie = 0 (Vie> 2i0) = 0. (fe (i) + w0y + €5, 2,). (A.17)

A firm chooses m;, at time t by maximizing the expected profit conditional on the information
available at the time denoted by .#, that includes all past variables and all time t variables

except e;,:

m; = M, (w0, kip, L, 2ir)

= argn}ﬂax Elexp (¢ (f.(m, ki, ;) + wip +e0,2)) [ F ] — eXp(pT +m)
me

= argmax E, [exp (¢, (f,(m, ki, [;) + w;c + €;,2;.))] —exp(p;* + m), (A.18)
meA

where E, is the expectation operator with respect to e.
The identification of ¢ '(-) and f,(-) in the second step uses the conditional distribution of

r, given w, := (x,,%,), beyond the conditional expectation in Assumption [2

Assumption A.3. The following information at time t is known: (a) the conditional distribution
G, v, (1) of m, given v,; (b) the conditional distribution G, ,, (r|w) of r, given w, := (x,%,); (c)

firm’s expenditure on material exp(p;" + m;,).

A.4.1 Identification of Control Function and TFP

Since M '(my,, k;;, l;;, ;) remains a function of the same set of variables, Proposition 1] holds
with the same proof.

Proposition A.3. Suppose that Assumptions [I} [3] and hold. Then, we can identify
M, '(m,, k,,1,2,) up to scale and location for all (m,,k,,l,,2,) € M x K x £ x % and iden-
tify G,,(+) up to scale.
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A.4.2 Identification of Production Function

We make the following assumption that corresponds to Assumption A1-A3 and A5-A6 in

\ﬁpﬁﬂ_ﬂjﬂ dZQlﬁl). (Assumption [ (b) corresponds to Assumption A4 in |£hLapp_Qt1£I_alJ
).)

Assumption A.4. (a) The distribution G, (-) of e, is absolutely continuous with a density function
g.,.(+) that is continuous on its support. (b) e, is independent of w, := (x,,2,) with med(e,|w,) =
0. (¢) w, is continuously distributed on W := X x %. (d) The support % of y, is an interval on R
that contains 0. (e) The set B, :={x, € X : G,,, (r|lw.)/3dq, # 0 for every (r,,z,) € Z# x Z}

is nonempty for some q, € {m,,k,,[,}.

relwe

The conditional median restriction in Assumption[A.4|(b) is location normalization. We con-

tinue to use the first-order condition with respect to material as a restriction for identification.

Assumption A.5. The first-order condition with respect to material for the profit maximization
problem (A I18) holds for all firms as follows:

00T + )| 2F(x,
gpt(ylt+elt,2n):| ft(xlt):exp(p;n+mit), (A.19)

Ee [eXp(cpt()N/it + eitszit)) a ~
Yit omy,

where ¥,, := f.(x;.) + w;, and the expectation E, is taken with respect to e;,.

Proposition A.4. Suppose that Assumptions 1] B[4} A4} and[A.5lhold. Then, we can identify
¢ (), f,(-), and G,,(+) up to scale and location.

Proof. Because ¢, is strictly increase in its first argument, from med(e,|w,) = 0, we can identify

¢ (x02) 1= 0 (fiox) + M (x,20),2,)

= med(r,|x,,2,).
From

¢ (Dc(x2),2) = filx )+ M, (x,,2,), (A.20)

the error term e, is expressed as

e, =@, (r,z)— ¢, (¢(x,,2,),2,). (A.21)

A1l



Frome, 1 w, and w, := (x,,2,), the conditional distribution function G, ,,, (r.|w,) satisfies

Grtlwt(rt|Wt) = Getlwt((pt_l(rs Zt) _ft(xt) _Mt_l (xtﬁzt) |Wt)
=G, (¢ (nz) = filx) =M (x0,%,)). (A.22)

For q, € {m,, k,,,}, the derivatives of (A.22]) are

aGrtlwt(rth’vt) _ d (,0:1(7'“ Zt)

ar - ar e[ ((Pt 1(rt’z ) ft(x ) M (xtszt))s (A23)
aGr w (rt|Wt) d X aMt_ (Xt,Zt) _ B
tlatq ( ;;X ) 7 )get (o7 (rez0)— fillx) =M (x,2,)), (A.24)
0G, 1w (relw)) (097 (rp,2) M (x,,2,)
laz - ( Oz o oz )gef(th_l(rtﬂzt)_ft(xt)_Mt_l (xtazt))-

(A.25)

Using Assumption[A.4{(e), choose q, € {m,,k.,l,} and X, € %, suchthat 3G, , (r|X,,2.)/0q, #

0 for all (r,,2,) € Z x . Dividing (A.23) by (A.24) and (A.25) by (A.24), respectively, we
obtain

agpt—l(rt,zt) (aft(xt) oM ! (;”ct,zt)) 3G, (T X, 2,)/ 01 (A.26)
ar 2q, aq, 3G, ,, (rl%,,2,)/2q, '

8¢:1(rt,zt) B aMt—l (it,zt) (aft(xt) aMt_l ()“ct,zt)) 0G, |, (r|X,,2.)/ 02, (A.27)
0z, 0z, aq, aq, 0G, 1w, (r|%.,2)/3q, '

forallr, e Z.

Let x}, := (m},,k},[*) and r} := ¢,(x},,2}). Then, the normalization Assumption [3limplies:

e M(rh 2 = o (¢ (20, 20).
= filxg) + Mr_ (xtO’Z )
=0.

Integrating (A.26) with respect to r and using ¢, '(r,2) = 0, we obtain

Tt a (,0_1(5,2*)
= [ e

t

ofi(%) , M (%,2])
( aq, aqt )Sq[(rt)’ (4.28)
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where

" 0G,,,, (sIX,,2)/or
S‘h(rt) ::_J | tt d

— s>0 (A.29)
" 3G, 1w, (s1X,27)/9q,
is well-defined under Assumption [A.4|(e).
Define
a X, 2"
. ft(xt) ( t t). (A.30)
94, aQt
From (A.28) and (A.21), ¢, '(r,,2}) and e, are identified up to c,, as
0 (ruz) = cnSy, () (A:31)
=Cm I:Sqf(rt) - Sqt(d)(xt: Z:()):I . (A.32)
Because e, is independent of z, and x,, we can identify the distribution of &, := e,/c
Ge, () =Pr(S,, (r) —Sq (¢ (x,,2))) < tlx,, 7)) from (£
Let y, := ¢, (r,,2") = f(x,) + M; ! (x,,2%) + .. Then, (]EZ[D implies
Y (‘Ot 1(rt’ t)
P —— =8, (o). (A.33)

Since S, (+) is an increasing function, there exists its inverse function D(-) := S~!(-) such that

0 , 2" 1
rt = th(ytizj) :Dt (Cy_t) and M — _D (yt)

A.3
2y, Cn Cn (A3
From y, —e, :f(xt)‘l'Mt_ (XU t) th(d) (x.,2 ;k >3, ), (A33) implies
. _ P (<b( ,20), 2] .
Mg =t R s, ((xE). (A.35)

From (A.34) and (A.35), the expectation term in the first-order condition (A.37) for a firm
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with (x,,z;) times c,, can be written as:

cmE, [eXp(sOt(yp t))M]

=c,E, [exp (Dt (Z—t)) CLDZ (c_t)] from (A.34)
=E, [exp (D, (S,, (¢ (x,,2)) +&,)) D; (S, (¢ (x,,2)) +&,) | from (A35)
- j exp (D, (5, (6 ey )+ ) D, (5, (§ (x520) +£,) 4G, (5

—T(x,) (A.36)

where T(x,) is identified because D,(-), S;, (-), ¢(-), and G; (-) are already identified.
From (A.36), the first-order condition (A.31) for a firm with (x,, ) becomes

T(e) 3fi(x) _

xp(p;" + m,). (A.37)
c om,

m

Evaluating (A.37) at (X,,z}) and substituting it into (A.30), we identify c,, as

_ T(%,) oM (%0.7;)
" T(fft)—eXP(PT‘Fﬁlt) amt .

Given that c,, is identified, we identify ¢, '(r,,2}) from (A31), e, from (Z and f,(-) as

c

fx) =@ (P(x,20),2) =M (x,,27).

Finally, we identify d ¢, '(r,2,)/ 9z, from (A27) as

awfl(rt,zt) (aft(x ) oM} (it,zt)) 3G, (rlX,,2,)/ 0%, N oM, (%,,2,)
0z, 2q, 2q, aGr[|W[(rt|jz.tazt)/aqt 9z, .

and ¢ '(r,,z,) as:
09 (r,s
()0[ ( t )ds

¢ (roz) =9 (r,z)+ J 0z,

*
3t

A.4.3 Identification of Markup

Because of the i.i.d. shock e;,, the first-order condition (A.19) includes the expectation

with respect to e;,. Thus, the identified value of d¢;"(r;,2;)/dr; no longer equals the
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markup. Instead, we obtain the markup from the cost minimization, following |M
and [Qe_LQ_egke_LandeaJ:zyns_kﬂ dZQ]j)-
Consider a cost minimization problem of producing exp(¥;,) unit of output:

C(Fir> kip, i) i= mninexp(p;” +m) s.t. exp(f,(m,k;, ;) + w;) = exp(¥;,)- (A.38)

The first-order condition is

dfi(x,)
om,

Aic €Xp (yit) = exp(pT + mit) (A.39)

where A;, is the Lagrange multiplier and interpreted as the marginal costs. Using the cost
function (A.38), we write the profit maximization problem:

n}axE [exp (Sot(yit + eitszit)) |‘¢lt] - Ct(yit: kit: lit)- (A-40)
jt

The first-order condition for (A.40) is

oV, +e. . 2 9C,(Fip> kip L;
0 (Vie emzzt)]: Fie ki, ”):Aitexp(yit). (A.41)

E, [exp(apt(yn enz) i N
ayit ayit

Substituting (A.41) into obtains the first-order condition for the profit maxi-
mization problem (A.I8). Therefore, the problem and the problem (A.I8) achieve the
identical maximized profit.

From and (A.41)), the marginal cost A,, is expressed as

~ 09 (Firteir,zic
E, [eXP (pc(Fie + 16> %)) %}

exp (yit - eit)
a t it
exp(p!" +m;,)/

exp (yit - eit)

Then, the markup becomes

exp(p;.) _ of(x;)/dmy,
Air exp(pf" +m;,. )/ exp (r; — eit)’

which is identified given our identification of d f,(x;,)/dm;, and e;,.
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